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ABSTRACT ARTICLE HISTORY
Ivermectin (IVM), used alongside mass treatment strategies, has been sug- Received 3 June 2024
gested as a potential tool for reducing malaria transmission. The effective- ~ Accepted 18 September 2024

ness of IVM in shortening vector lifespan depends on the time elapsed COMMUNICATED BY
between the administration of IVM to the host and the blood meal taken V. Volpert

by the vector. This effectiveness is measured by the median effective dose

(EDsp), the IVM concentration required to kill 50% of mosquitoes after a KEYWORDS

specific host exposure period. We use a mathematical model structured by ~ Ivermectin; malaria; basic
human and vector exposure times to IVM and the model’s well-posedness reproduction number;

is established through semigroups theory. We calculate the basic reproduc- gge'smfcmred m‘?‘?e'?

X L2 ; X X . ifurcation analysis; human
tion number, linking it to epidemiological dynamics, and show steady states prevalence; optimization
bifurcate at Ry = 1, governed by a constant Cp,;s. We identify the optimal '
human exposure to IVM and intervention interval to reduce prevalence by JOURNAL RANGE
10% to 20%. This depends on the IVM formulation (EDsp) and the target CLASSIFICATION

number of campaigns in the host population. 2000 MSC: 37N25, 35B32,
35Q92,92D30

1. Introduction

Vector-borne diseases, such as those transmitted by mosquitoes, account for approximately 17% of the
global burden of infectious diseases, posing significant public health challenges worldwide [1, 2]. Esti-
mated to affect 247 million people and cause 619,000 deaths in 2022 [2], malaria is undoubtedly the
most serious example of a vector-borne disease, affecting mainly children under 5 years and pregnant
women. The disease occurs mainly in sub-Saharan Africa, where 95% of cases are often recorded [2].
The disease is caused by a parasite of the genus Plasmodium through the bites of mosquitoes of
the genus Anopheles. Although two vaccines, RTS,S and R21, have been licensed for malaria, their
deployment is still limited, and additional trials are ongoing, particularly for young children under
age 5 [3, 4]. Therefore, preventative measures targeting the vector population remain crucial. Tra-
ditional methods, such as long-lasting insecticidal nets (LLINs) and indoor residual spraying (IRS),
are commonly used to reduce mosquito density. However, these approaches offer only short-term
solutions due to growing insecticide resistance among mosquitoes, and their environmental impact
raises concerns about large-scale implementation [5-7]. It is therefore important to implement other
control tools, and ivermectin (IVM) is emerging as a new malaria control tool in that the mosquito’s
lifespan and refeeding frequency is reduced when it bites a human exposed to IVM [2, 8]. Ivermectin
is an endectocide that was first approved in 1981 as a veterinary medicine. This drug is one of the main

CONTACT Ramses Djidjou-Demasse @ ramses.djidjoudemasse@ird.fr

© 2024 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.0/),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The terms on which this
article has been published allow the posting of the Accepted Manuscript in a repository by the author(s) or with their consent.


http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/00036811.2024.2429103&domain=pdf&date_stamp=2024-11-27
mailto:ramses.djidjoudemasse@ird.fr
http://creativecommons.org/licenses/by/4.0/

2 (&) F.J.DONGMOETAL.

drugs used to control the filarial nematodes Onchocerca volvulus and Wuchereria bancrofti through
mass drug administration to humans in endemic areas. Due to its broad spectrum of activity against
nematodes and ectoparasites, its high potency, its long pharmacokinetic persistence in blood and
lymph and its safety in vertebrates, it has become one of the best anti-parasitic drugs and can help
reduce the burden of malaria [9-11].

The application of mathematical models to disease surveillance data can be used to address sci-
entific hypotheses and policy questions relating to disease control. The first mathematical model of
malaria was devised by Ross in 1911 [12] and later performed by Macdonald [13]. Several mathe-
matical modeling studies have explored malaria transmission dynamics, incorporating ivermectin as
a control measure. For example, Slater et al. [14, 15] indicate that mass drug administration with
IVM can reduce prevalence and morbidity, particularly in regions with shorter transmission seasons,
particularly in combination with other tools such as antimalarials and seasonal malaria chemopre-
vention. Additionally, Zhao et al. [16] support IVM as an efficient tools by analyzing the long-term
disease transmission dynamics in Kenya. They use an ordinary differential equation model with delay,
considering seasonality and the effect of IVM on controlling the vector population. The existence
of a backward bifurcation, as demonstrated in [17], suggests the importance of early intervention
when using ivermectin. It also indicates that stopping the spread of the disease requires minimal drug
dosage in low initial conditions but higher levels once the disease has taken hold in a population. In
addition, Wang and Zhao [18] performed a reaction diffusion model taking into account spatial het-
erogeneity and the implementation of ivermectin as a therapeutic option and compared it to LLNS
and IRS in West Africa. The study shows that treatment plans with or without IVM contribute equally
to the number of basic reproductions but have different effects on malaria epidemic levels.

Yet, very few models have specifically addressed the time since exposure to IVM, despite the
fact that the impact of IVM on reducing the lifespan and feeding frequency of mosquitoes is highly
dependent on the duration since the host’s blood meal was exposed to IVM. Here we propose a dual-
structured mathematical model that takes into account the time since exposure to IVM in both human
and mosquito populations. The model proposed enables the capture of variable IVM formulations,
typically characterized by the median effective dose ED5. Furthermore, we conduct a detailed mathe-
matical analysis of the proposed model and derive the basic reproduction number R. The expression
emphasizes the influence of the aforementioned structural variables on crucial epidemiological traits
of the human-vector association, such as vectorial capacity.

In this paper, we first show the well-posedness of the PDE model formulated using the theory
of integrated semigroups introduced in [19-22], for which we use a classical fixed point argument
combined with some population estimates. Furthermore, we explore the existence of steady states,
which signify solutions independent of time. A disease-free equilibrium is consistently present, while
the existence of endemic equilibria is explored. To provide information on the endemic equilibrium,
we first show its existence using the Krasnoselskii fixed point argument [23, 24]. We demonstrate that,
depending on the sign of a constant Cyjs determined by the model parameters, a bifurcation occurs
when the bifurcation parameter, denoted by 7y, attains the value of 1, resulting in either a Forward
or Backward bifurcation [25-27]. In this context, it means that there is a unique (resp. multiple)
endemic equilibrium if and only if 7y > 1 (resp. 7y < 1, but close enough to 1). Utilizing spectral
theory, we can ascertain the local stability of the disease-free equilibrium under the condition that
Ro < 1. However, it becomes unstable when Ry > 1 [28-30].

Numerical simulations enabled us to quantify the impact of IVM administration in the human
host population on malaria transmission dynamics across various levels of endemicity. In this work,
an IVM intervention campaign is defined by four parameters: the number of campaigns implemented
within 1 year, the time between two successive campaigns within a year, the target proportion of
humans to be exposed to IVM during a campaign, and the median effective dose of the IVM formu-
lation. A global sensitivity analysis enables us to evaluate the relative significance of these parameters
in reducing malaria incidence. Finally, utilizing a specified IVM formulation and the targeted num-
ber of campaigns per year, we determine the optimal proportion of humans to be exposed to IVM
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during an intervention as well as the necessary time intervals between subsequent interventions to
achieve a reduction in human prevalence ranging from 10% to 20%. This is of practical importance
for identifying the minimum proportion of individuals to be exposed to IVM during a campaign.

This paper is organized as follows. Section 2 introduces the model and the parameters description.
In Section 3, we present the main results of the mathematical analysis and the simulations conducted
to achieve the objectives of this work. Section 4 discusses the results obtained from our numerical
simulations. Finally, details on the proof of the main analytical results are provided in Appendix to
complete the document.

2. Description of the model
2.1. Model overview

The model investigates the dynamics of human and mosquito populations interacting with the pres-
ence of IVM pressure. Subsequently, both of these populations are subjected to either exposure IVM
or no exposure at all. The subscripts 4 and m are respectively used for human and mosquito popu-
lations that remain unexposed to IVM, whereas subscripts h, IVM and m, IVM are employed when
these populations are exposed to IVM. At any given time t, the human population exists in four states:
susceptible to infection denoted as Sy, (¢) or Sp1vm (%, 7), asymptomatic infection indicated by Ay (¢)
or Apvm(t, 7), symptomatic infection denoted as Ij (t) or I tvm(t, ), and recovered represented by
Ry (1) or Ry rvm (2, 7). The variable 7 corresponds to the time elapsed since the exposure of human
population to IVM. Similarly, the mosquito population exists in two states: susceptible to infection
indicated by S, (¥) or Sy, 1vm (%, 77), and infected denoted as Iy, (¢) or L, 1vm(t, ). The variable # rep-
resents the time elapsed since the exposure of mosquito populations to IVM. The total number of
humans Nj, and mosquitoes Ny, is then given by

o]

Nu(t) = Sn(6) + An(H) + Tn(6) + Ru(t) + /0 Shivm(t, ) dr + /0 Anrom(t,7) dr

o0 o0
+ / Invm(t t)dr + / Rpvm(t, 7) dr,
0 0

]

o0
Nin(t) = Sin(t) + In(t) + / Smivm(t, ) dn + / Imtvm(t, ) dy.
0 0

The total number of new infection within human population at time ¢ is given by Sy, (¢) A, (¢), where
Am(t) is the force of infection from mosquitoes to humans. This force of infection is defined in such
a way that

Am(t) = OPn_(1 (t)+/001 (tn)d
m _Nh(t) m A mIVM\L 7)) dan g,
where 0 is the number of humans bitten by mosquitoes per unit of time and f,, is the probability of
parasite transmission from an infected mosquito to a human.

By the same way, the total number of new infection within mosquitoes population at time ¢ is
given by S, (t) A5 (¢), where 1;,(¢) is the force of infection from humans to mosquitoes. This force of
infection is defined by

OBn
An(t) = ——— (Ap(®) + In (1)),
Ny (t)
where £}, is the probability of parasite transmission from an infected human to any mosquito for each
bite.

Adequate contacts between uninfected humans exposed to IVM and susceptible mosquitoes lead

to susceptible mosquitoes newly exposed to IVM. The total number of susceptible mosquitoes that
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Figure 1. Flow diagram of the nested model. Human population: Ivermectin is applied as a preventive measure, i.e. to susceptible,
asymptomatic and recovered humans, who are therefore exposed at rate ¢. Humans exposed to IVM lose their immune system at
arate f0°° P (@O Whm(t, ) dz W € {5, A1, R}, where 7 represents the time since the exposure of human sub-populations to IVM
and p (t) captures the loss of IVM efficiency. Vector population: The vector population exposed to IVM arises when the initial vector
population (consisting of susceptible and infectious) bites a human population exposed to IVM. This transition is given by the forces
of infection ig,IVM (t) and )L;LIVM (t). Thus vector population exposed to IVM has a mortality rate umvm(77) which depends on the
parameter 7 representing the time since mosquitoes are exposed to VM.

have been newly exposed to IVM is determined by a3 hivm (DSm (£), where a3 n1vm () represents the
force that describes the exposure of mosquito to IVM without resulting in infections. This quantity
is such that

9 o0
/l;sl,wM(f) = m/o (Snivm(t, T) 4+ Rprvm (£, 7)) dr

Similarly, the force, indicated as /lfl v Which defines the exposure of mosquitoes to IVM leading to
infections, is expressed as

9 (o]
/Ii,IVM(t) = W/o (Anivm (6 1) + Invm(t, 7)) de

Note that asymptomatic malaria infections are highly prevalent in endemic areas and only a small
percentage of asymptomatic infections will exhibit clinical symptoms [31]. This has significant
implications for malaria control programs [32].

Finally, the human-mosquito life cycle is shown in Figure 1, and the notations of all variables and
parameters are summarized in Table 1.
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Category Biological meanings Unit
Notations
t Time Tu
T Time since the exposure of human populations to IVM Tu
n Time since the exposure of mosquito populations to IVM Tu
State variables
Sh Susceptible humans unexposed to IVM No unit
An Asymptomatic humans unexposed to IVM No unit
In Symptomatic humans unexposed to IVM No unit
Rp Recovered humans unexposed to IVM No unit
Sm Susceptible mosquitoes unexposed to VM No unit
Im Infectious mosquitoes unexposed to IVM No unit
Shivm Susceptible humans exposed to IVM No unit
Apivm Asymptomatic humans exposed to IVM No unit
In,vm Symptomatic humans and exposed to IVM No unit
R, vm Recovered humans and exposed to IVM No unit
Smivm Susceptible mosquitoes and exposed to VM No unit
Im,vm Infectious mosquitoes and exposed to IVM No unit
Np Total humans population No unit
Nm Total mosquitoes population No unit
Parameters Value*;Unit
Ah Recruitment rate for humans 5Tu™!
m Natural mortality rate for humans 0.00224;Tu~";
Vh Progression rate of asymptomatic humans 1/30;,Tu™";
b Recovery rate for humans 3.704e 2Tu";
kp Rate of immunity loss for recovered humans 1469e~2Tu™";
Oh Disease induced death rate for humans 0.0005;Tu™";
Am Recruitment rate for susceptible vector 100;Tu™";
Um Natural mortality rate for vector unexposed to IVM 0.14;Tu~";
¢ IVM injection rate Variable
LLm, VM Mortality rate for vector exposed to [VM Equation (17)
p Rate of IVM efficiency loss within the human population exposed to VM Equation (18)
% The number of human bitten by mosquitoes by unit of time 0.5,Tu™"
Ph Parasite transmission probability from human to mosquitoes 0.8333;Tu™’
Pm Parasite transmission probability from mosquitoes to human 0.5Tu~!
EDsg The median effective dose Variable
ne The number of IVM intervention (Campaign) implemented within one year Variable
d. The duration of an intervention 7;Tu
te The duration between two successive interventions Variable

Tu, Time unit; h, humans; m, mosquitoes; IVM, ivermectin. * Values of fixed parameters are chosen to fall within a plausible range
found in the literature.

2.2,

The mathematical model

The interaction dynamics between populations of humans and mosquitoes without exposure to IVM
is described as follows:

Sp(t) = Ap + knRp(t) — (e + (1)) Sn(t) — Am(DSK(t) +/0 p(T)Spivm(t, 7) de,

A(t) = Am(OSH(E) — (e + v+ $(0) An(D) + /O (@) Anyaa(t ) dr, .
00 1
In(t) = viAp(t) — (up + yn + ) In(t) +/0 p (I vm(t, ) dr,

Ru(®) = I (®) — (it + ki + $O)Ru (D) + /0 p () Ry (6 1) dr,
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and

Sun(t) = A = ttmSun(®) = (20) + 25 1y () + 2y (0) S 0,

. ; , 2)
In(®) = 2O () = ttdn(®) = (25 1) + M yag ) Tn ).

System (1)-(2) basically captures the classical human-mosquito interaction dynamics. Moreover,
humans may either recover at a rate of y, or succumb to the infection with a rate dy. Recovered
individuals wane their immunity at rate kj,. The human population is assumed to be consistently
replenished at a steady rate Ay, which can be attributed to either births or migrations, while individ-
uals also naturally pass away at a rate of uj,. Asymptomatic infected humans become symptomatic
infected at rate vj,. The human population that has been exposed to IVM since time 7 reverts to an
unexposed state at a rate p (7). The parameter p reflects the loss of IVM efficiency within the human
population exposed to IVM. The mosquitoes are recruited at a rate of A, and naturally perish at a
rate of yy,.

Assume that a fixed proportion ¢ of a human population is exposed to IVM. Therefore, the number
of humans newly exposed to IVM (i.e. at 7 = 0) is given by

[sh,WMa, 0) = ¢Sh(®):  Anva(,0) = $A(0), )

Inivm(t,0) =0, Rprvm(t,0) = @Ry (2).

In System (3), it is assumed that symptomatic infections are not subjected to exposure to IVM. The
boundary conditions (3) are then coupled with the dynamics of human population exposed to IVM
such that:

(0 + 00) Sprvm(t, ) = knRprvm(t 7) — (p + Am(8) Sprvm(t7) — p(2)Spvm (),
(0t + 07) Aprvm(t, ©) = Am(OSpivm(t, T) — (pn + vi) Aprvm(t, 7) — p(T)Apvm(t, 7),
(0 + ) Intvm(t, ©) = vpAprvm(t, ©) — (un + yn + 0p) Intvm(t ©) — p(2)Iivm (s 7)),
(0 + 0:) Rupvm(t, ©) = yulpivm(t ©) — (un + k) Ruivm (8 T) — p () Rprvm (8 7).

Based on the above notations, the dynamics of mosquito newly exposed to IVM (i.e. # = 0) is given
by

Sm,IvM (t, 0) = ii,IVM (t)sm (t)>

Im,IVM(ta 0) = i{,)IVM(t)Sm(t) + (ii,IVM(t) + A{l,IVM(t)) Im(t)a

combined with the dynamics of the mosquito population exposed to IVM, as defined by

(01 + 0y) Smavm(t, 1) = — ttmrvm () Smavm (t, 1) — (/lh(t) + if,,IVM(f)) Smivm(t, 1),

(4)
(0 + 0y) Imavm(t, 1) = (ih(t) + i{,,IVM(f)) Smavm(t, 1) — pmavm (M Imvm (£ 7).

Within System (4), the parameter u ., rvm(#) accounts for the mortality of the mosquito population
that has been exposed to IVM since time 7.
Lastly, the initial condition (at = 0) for the mathematical model above is given by

Sh(0) = Sno,  Ap(0) = Apg, I4(0) =1Ino, Ru(0) =Rpo,  Sm(0) = S, Lin(0) = Lo,
Snivm (0, 7) = Sporvm (7)), Aprvm(0,7) = Aporvm (), Inrvm(0, 7) = Inorvm(7),
Ryivm(0,7) = Rporvm(7)s  Siivm (0, 17) = Smorvm (1)s I ivm (0, 77) = Io,rvm (7).
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3. Main results

To deal with Models (1)-(4), we introduce vector state variables as follows: v; () = (Sx(£), Ru()T;

up(t) = An(O, k)5 virvm(t+) = Spivm(t ) Rvm (6D upvm () = Apvm (6 +)s
Intvm(t, - )T, where x7 is the set for the transpose of x. Furthermore, let e = (1,1); e; = (1,0)7,
I4 the identity matrix, and as well as the matrices

Un+vp 0 0k 1 0 0 0
Dy, = ; Ky = ;s E1 = ;5 By = .
’ ( —vp ,Uh+Vh+5h) ! (o —kp SR U/ A U

Consequently, we have

0Bm 0 OPn
Im(t) = Ly (t LoovmtEmydn ), At = t),
(®) N () ( ()-I—/O avm(6 1) 77) n(t) Nh(t)euh()
0By 00 0 00
I = — S = —
Aprvm(®) = Nu(®) Jo eupivm(t, ) d, Ay (6 N /o evpvm (8, ) dt,

and systems (1)-(4) rewrite as
vh(t) = Aper — Am(OE1vp(t) — (up + @) vi(t) + Kpvp(t) + yrEaup(t)
+ f° p(@)vpvm(t, T) de, o
i) = A (OF (0 = $Er ) = Dy + [ pohunna(e o) -
Sun(8) = A = fnSn(®) = (20(0) + 25 g (D) + 2 g () S0
In(®) = 2O = I = (25 gD + 2y ) I (0,

with

[vivm (5 0) = gvi (1),
upvm(t, 0) = PE1uy (1),
Smivm(t,0) = A3 1yp (DS (D),
I (0) = 24 g 0300 + (25 1 ®) + 2 ®) Tn0),
@ + 0 )vnivm(t, 1) = =Am(OErvirvm(t ©) — (up + p () — Kp) virvm (@, 7) (6)
+ynE2upivm(t, 7),
(@t + 0 )upvm(t, T) = Am (O Ervirvm(t, T) — Dpuprvm (s 7) — p(0)upivm (7)),
(01 + 0) Smavwa(t 1) = =ty DSmavaa (1) = (28) + 2y () Swavaa (61,

. (0 + 0y) Imavm(t, 1) = (ih(f) + ii)IVM(t)) Smavm(t, 1) — pmvm () Imivm (E 1),

supplemented together with the initial data

[Vh(o) =vho,  Un(0) = upo,  Sm(0) = Smo»  Im(0) = Lno,  Vi,ivm(0, 7) = vorvm(7), )

upvm (0, 7) = uporvm () Smavm (0, 7) = Smorvm(1)s I ivm (0, 17) = Lo, rvm (7).

In the following sections, we examine systems (5)-(7) while operating under the following general
assumption.

Assumption 3.1: (1) The parameters Aj, uj, Bj, Vi, Yh> On, kn, 0 are positive constants for j €
{h, m}.
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(2) The functional parameters wmivm and p fulfill the conditions: pmivm € LL(Ry); p €
L (Ry), and there exist positive constants jimo and p such that pp,rvm(z) > wmo and p(z) >
p forallz € Ry.

(3) The initial data is such that vy, tpos Smo> Imo > 0 and vyovm € LY (Ri), upovMm € LY (]Rﬁ_),
Smoqvm € LL(Ry), Imoivm € LT (R4).

3.1. Existence of semiflow and basic properties

We shall deal with the integrated semigroup approach for non-densely defined operators (e.g. see [21,
22]).
Let us set the spaces

Xy = R? x L1(0,00,R?) x R? x L'(0,00,R?), X, :=R x L'(0,00,R) x R x L!(0, 00, R),
as well as positive cones
Xyt = RE x L'(0,00,R2) x R% x L'(0,00,RY),
Xy =Ry x L1(0,00,R4) x Ry x L1(0,00,Ry).

Let the linear operators .Zh :D(.Zh) C Xy — A, and .Zm :D(.Zm) C X, — X, defined as
follows:

Og2 —y1(0) OR —y1(0)

ol B =y = (un + p(2) ¥ o B —y] — tmvm () y1
OR2 —y2(0) o or —y2(0) ’
w2 =5 — (Dn+ p(0)la) y2 7 =5 = fmivm () v2

with their domain defined by

D(Ap) = {02} x W"1(0, 00, R?) x {0g2} x WH1(0, 00, R?),
D(A,,) := {0r} x W"1(0,00,R) x {0} x W'1(0, 00, R).
Subsequently, consider the Banach space X = R® x X} x X, and Xy = RS x Aj, 1 x Xy 4 asso-

ciated with the usual product norm ||- ||. Let A : D(A) C X —> X be the linear operator defined
by

A= dlag (—(ﬂh + (;S)Id: _(¢El + Dh)> _ﬂmId> A\hr ~'Zl\m) 5

with D(A) = RS x D(Ay,) x D(A).
Hence, we have

D(A) = R® x {0Og2} x L1(0,00,R?) x {02} x L'(0,00,R?)
x {Or} x L'(0,00,R) x {Or} x L'(0,00,R)
=Xy C X.

Hence, the domain of operator A is not dense in X', and its positive cone is defined by Xy = Ay N
X . By setting

u(t) = (va(t), un (), Sm (1), In (1), Oz, virvm (8, - ),

T
Og2, uprvm (6 + )> ORs Smtvm (8 )5 O, Imrvm (5 4)) (8)
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the operator A is the linear part of systems (5)-(6) while the non-linear part is defined by the map
F : X —> X such that

Aper — Am(B)E1vi(£) + Kpvip(t) 4+ yrEaun(®) + [3° p (1) Upvm(t, 7) de
ImOEvp(@®) + [7° p(D)upvm (s 7) de
A — (/lh(t) + 25 (D) + AL,IVM(t)) Spn(t)
20OSm(®) = (A5 1y (®) + 2y ) 0

dv(t)
—Am (O E1viivm(t -) + yrEaunivm (®, ) + Kpvigivm (& ©)
Fu(h) = PE up(f) )

Am (@) E1vpvm(t, -)
A5 vn (D Sm (D)

- (/lh(t) + /li,IVM(t)) Sm,IVM(t’ )
2 e OSm® + (25 5 O + 2 g 0) Tn®)
(240 + 2 () Smavma(t:-)

Observe that the non-linear map F is not well defined (in the strict mathematical sense) on the space
Xb, this is due to the quantity Nj, in the denominator on forces of infection. To sort this out, we use
the same approach as in [27]. More precisely, for any € > 0, we introduce the space

X, = {{u(t) € Xo: T(u(t)) > € } C X, (10)
where 7 : X — X is the operator defined by
T(Ll(t)) = ”Vh(t)”Rz + ”Llh(t)”RZ + “Vh,IVM(t> ')HLI(R_'_,]RZ) + ” uh,IVM(t’ .)“LI(R+,R2) .

It should be noted that for € = 0, the space X, corresponds to Xy = D(A). Hence, define F : X, —
X by Fe = F. Therefore, the abstract Cauchy problem associated with systems (5)-(7) writes

%(t) = Au(t) + Fe(u(®)), t > 0, u(0) = up € X+ for each € > 0. (11)

Theorem 3.2: Suppose that Assumption 3.1 holds. Then there exists a unique globally defined strongly
continuous semiflow {U(t)}y>0 on Xy N Az for Problem (11). Where € is a positive constant such that

A
Ee(O, h )
Un+ve+d+yn+on+kn+llplpeo

Furthermore {U(t) }s>0 satisfies the following properties:

(i) Let

thy =min{ wm, | tmvm| e}

for each ug = (Vio, Umos Smo» Imo» Vio,vM> Uho,1vM> Smo,tvms Imorvm) T € Xy N X, one has for
allt > 0:

A * A *
Ni(#) < Ny(0) e 4 =2 (1= e™4), Nyp(t) < Ny (0) ™/ 4 =1 (1 — e—”mt),
Kh 7

m

Ny (t) > N (0) e~ (nton)t + L (1 _ e—(uh+6h)t) ,
fh + On
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N > Nyp(@) e Gt im0 () _ =G Do o))
Hm + ||/1m,IVM ”Loo

In addition, each sub-population is bounded such that

. Ap
lim sup [yn(0)| < —, for yn € {vh, tp, Virvmts Unvm}s
t—00 Hh

A
lim sup [lym(®)] < ==, for ym € {Sm>Lm> Smivnts Im1vm}-
t— 00 :um

(i) Let  U(Ouo = (va(t), up(t), Sm(t), I (), Oz, virvm (t, - ), Oz, uptvm (- )5 OR, Srvm (),
OR, LmivMm(t, )T, for each t > 0, then the following Volterra formulation holds true:

vhvm(t, T)
T

vt — ) exp (— [ Gt 4 1= 01+ G+ po 01~ Ki) da)
+/0 yhEsupvm(s +t — 7,5) exp (—/s (Am(c +t—1)E;
+(un+p@)a—Ky) do) ds Vrz <t
t
vhovm(T — t) exp (—/0 (Am(0)EL + (up + plo + 7 — t)Ig — Kp) dU)

t t

+/ yhE2upvm(s,s + 7 — 1) exp (—/ (Am(o)Er
0 s
+(upn+plc+7—1))3—Ky)do)ds Vt<r.

(12)

uprvm(t 7)
PE1up(t — 7) exp (—/T Dy + p(o)]y) da)
0

+/ Am(s +t — ) Ervprym(s + £ — 7,59)
0
exp (= [ Dn+p(0)la) do) ds Ve <t,

t
upovMm (7 — t) exp (—/ (Dp+ p(o + 1 —1t)lg) dﬂ)
0
t

+/ Am($)Erupivm(s,s + 7 — 1)
0

exp (_ fst (Dp + plo + 1 —B)y) da) ds Vt<r.

Smvm(ts 1)
/lfl,IVM(t = Sm(t — 1)
exp (_ I ('lh(a Ht=n) + L@+ -+ ,Um,IVM(O')) da) V<t
Smovm(n — t)
xp (_ Jo (lh(g) + 2y (@) + tmvm(o — 7 — t)) da) Vi<

Inivm(t 1)



APPLICABLE ANALYSIS (&) 11

[(Ahavat(t = DSt = 1) + (25t = 1) + 2 st = ) Tt = )
exp (— Jy umvm(c) do)
n
[t = )+ Hhg s+ £ = ) St + £ 1.9
0

— exp (—Lnﬂm’IVM(J)dO') dS V77 < t, (13)
t
Imovm (17 — t) exp (—/ Umivm(o + 1 —1t) dU)
0
t
+ / (21(5) + 2y ®)) Smrvma (5,5 4+ 1= )
0

€xp (_ fstﬂm,IVM(O' +n—1 da) ds Vi<

(iii) For a mild solution u € C([0, tol, Xe N X4 ) to (11), and for a sequence of initial data {ulg};@o €
D(AN such that limg_; oo ||u](§ — upllxy =0, with k > 0, there exists a unique solution uk e
CY (R4, Xz N Xy ) to the system (11), with initial data ulé such that limy_, oo ||tX — ul| x = 050
that u C(R+, Xg N X+)

The Volterra integral formulation within the framework of age-structured equations is a well-
established concept, e.g. see [33] and the associated references. The proof of Theorem 3.2 is given in
Section A.1.

3.2. Thedisease-free steady state and reproduction number

In an infection free population, the disease-free steady of systems (5)-(7), denoted here as E°, is
given by

0 0 0 0 0 T
E" = (Vh) ORZ’ Sm7 0, Vh,IVM(.)’ OLI(R+,R1)’ Sm,IVM(')’ OLI(R+,R+)) N (14)
with
Ay, ( ©
N=— " 1—|—¢/ ‘I’h(r)dr),
P a4+ (1= ) 0
0 ( A O)T O (o) = ( $ AR (2) O)T
h th+ ¢ — xn) hIVM h+d = xn)
A
Spp=———5—> Sprvm(n) = Sy A0 [$1Tm (),
m L +ig[¢] m,IJVM m”h m
and where

() =e” Jo temivm(s) ds, W,(r) =e” Jo (untp(s)) ds’

¢ [ Pn(r)de
14+ ¢ fooo ¥u(r)dr

m,=/0 p(D)Pu(x)dz, gl =0

Furthermore, I';, (1) represents the survival probability that of a mosquito # time after exposure to
IVM. Similarly, W}, (7) quantifies the probability that a human remains in the IVM class z-time post
exposure. Therefore, the quantity yj, represents the average rate of loss of IVM efliciency within the
human population, and ) [¢] the rate at which mosquitoes come into contact with IVM (by biting
a human) without leading to infections. It is important to emphasize that those parameters are well-
defined constants because Assumption 3.1 holds, and particularly we have yj, < 1. We refer to Section
A2 for the computation of the disease-free steady state.
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To calculate the basic reproduction number Ry, we employ the next-generation operator method-
ology, e.g. see [34, 35]. During the initial phase of the epidemic, the population dynamics can be
approximated using the linearized equations around the disease-free steady state E°. As the linearized
equation for the infective population does not involve other sub-populations, we establish that the
next-generation operator G is defined from (R? x L!((0, 00), R?)) x (R x L!((0, o), R)) to itself by

A 0

) | _ (A B Yh

g (¢m) _<C ORxLl(R+,R)) ((ﬂm) ’ (15)
Pm Dm

where the operators A : R? x L'((0,00),R?) — R? x L!((0,0),R?), B:R x L}((0,0),R) —
R? x L'((0,00),R?), and C : R? x L'((0,00),R?) — R x L'((0, 00), R) are as follows:

A(V-/h) (fo P(T)rh(f)vlh(r)dr)

Wh 071(R, R2)

0B m Pm o _ EIVO
()t i) ()
(wm N? (,um+/12[¢] +/0 (D om 1) '7) 1V rva

c (w) Bn ( e($EL+ D) S, )
wn (e(pEr + D) Lyn + [o° eTn()wi(r) dz) So, yn)
with

Tn(z) =e” J§ (p@1a+Dy) da

Note that I'y,(7) represents the survival probability that of a human 7 time after infection. It is worth
noting that the operators B and C are referred to as the net reproduction operators [34, 35]. The
operator 53 enables the calculation of the total count of new human infections caused by an infective
mosquito population. In contrast, the operator C calculates the count of new infected mosquitoes
resulting from an infective human population. Finally, the operator .4 allows in quantifying the overall
decrease in IVM efhiciency within the human population that has been exposed to IVM.

Consequently, based on the above estimates, R is characterized as the spectral radius of the next-
generation operator G, that is

Ro = r(G).

For a comprehensive understanding of the computation of G, please refer to Section A.3.
An explicit expression of R is quite difficult to obtain within the context of the model developed
here. However, without the effect of IVM, the next-generation operator G rewrites as a 3 X 3 matrix

as follows:
1
G = 02x2 % (0)
Am/tm —1
OBn Ah/Zh eDy, 0

From which, we find that

A P)

R4 =r(92)—62ﬂ’”ﬁh m/Hm __ Hh+Vht+ Pht O -

m An/pn (un +vp)(un + yn+6p)

The above expression aligns with the Ry value commonly associated with the classical
human-mosquito transmission model, without accounting for ivermectin.
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3.3. Threshold dynamics

Here we state the threshold dynamics of systems (5)-(7) in relation to R as follows:

Theorem 3.3: Let Assumption 3.1 be satisfied.

(i) IfRo < 1, the disease-free steady state E° is the unique equilibrium of systems (5)—(7).
(i) IfRo > 1, alongside the disease-free steady state E°, systems (5)-(7) possess at least one positive
(or endemic) equilibrium.
(iil) The disease-free steady state E° is locally asymptotically stable when Ry < 1 and it becomes
unstable when Ro > 1.

Details on the proof of Theorem 3.3 are given in Sections A.4 and A.5.

According to Theorem 3.3, it is established that when Rg > 1, systems (5)-(7) possess at least
one positive equilibrium. Nonetheless, it is important to note that the bifurcation of an endemic
equilibrium at Ry = 1 is typically observed in the context of vector-borne diseases [27, 36].

Let us introduce the parameter,

A SOeMlel
:Hzﬂhﬂm Th 2

(/“msg +0 J5° Sg,IVM(T) dT)

with M; a matrix such that

My = (¢E1 +Dh—/0 dp ()T (7)E; dr) (El _|_/ / #p(z )

where £(1,7) = e~ Jo GCEi+pn+p(0)=Ky) do
Therefore, we can determine the existence of a positive equilibrium for systems (5)-(7) by proving
that there exists a positive value of 4 such that

Ell(O 7)do dr)

G(?O>j~) =1,
with G defined by
B 1) — 02 Brfm AmeMigi (4)
(To,).) - >
[1m (AeMy + €) g1(2) + 2eMig1(A) + g2(A)] [1tm (heMy + €) g1(A) + g2(4)]
wherein
() = (AEI ot 9 L= K= i - [ dp(l0.0)d0
o0 T l ,
- /1/ / ¢Vhp(f)l((§);;Ezrh(T)E1M1 do dr
10, T) I'p(o) -
_,1/ / / dynp(z )l(O o) Iﬁh(g)Ezl(O,g)dg do dr) Aper
and

h()

&(4) =9ﬁhi/ [¢Fh(f)E1M1 +/ PT Ell(O T)} gi(A)dr

+0 /0 ” [f(o g () + i / 6209 b (royEMmy

f(o )
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+ /O ?ZE‘Q’;Elz(o,g)dc)glwdo} dr

Next, let us also introduce the following bifurcation parameter:

SO [2umeMy + eMy + 2pumeMy + 2Mzle;  eM;Mye,
tmSy+ Jo° GSZ’IVM(T) dr eMie

Crif =

with M, and M3 being matrices such that

o T 10,7
M, = (VhEle +/ / dynp () ( )Ezrh(f)E1M1 do dr

1(0,0)
1(0, T) I'n(o) 3
/ //¢Vh ()I(O ) rh(g)Ezl(O,g)dgdadr El)

-1
X ((ﬂh+¢)1d—Kh—/0 ¢p(f)l(03T)df)

and

_ °° © Ty(r) *©
—Hﬂh/o e[¢Fh(r)E1M1+/O ¢Fh(a)Ell(o,r)} dr +9/0 el(0,7)¢p dr

S 0. 7 Th(o)
0/0 e[yh/o ¢€(0)0)Ez(r(0)E1M1+/0 B g)dg)

Afterward, the subsequent outcome pertaining to the existence and bifurcation of the positive
equilibrium is derived.

Theorem 3.4: Let Assumption 3.1 be satisfied. Then

(1) IfCyir > 0, thereis a backward bifurcation at rate 1y = 1, i.e. systems (5)-(7) admit two positive

equilibria for 1y < 1 close enough to 1.
(2) IfGyis < 0, thereis a forward bifurcation at rate ¥y = 1, systems (5)-(7) admit a unique positive
equilibrium for ro < 1 close enough to 1.

Details on the proof of Theorem 3.4 are given in Section A.6.
In the absence of the effect of IVM, i.e. when ¢ = 0, the parameter 7y becomes

AmeMyer

In such a configuration, it is important to observe that the bifurcation parameter 7y corresponds to
the expression of R3 without considering the impact of IVM, as given in (16). Furthermore, in this
scenario, the bifurcation parameter rewrites

C N i + vy + yn+ 0 | 1y (U + 20 m)a + 2uppmAp(l — a)
bif = ——5- -
l 1y Ap tm A% (un 4 vr) (n + 7h + On)

m

YhVh

hereing = ——~4 L ———.
WRETCIN & = O o (un7i+on)
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Figure 2. (Left) An ivermectin implementation strategies: n. the number of interventions implemented within 1 year, d. the dura-
tion of one intervention and t. the duration between two successive interventions. (Right) The mortality rate zm,jvm(77) of vector
n-time post exposure to IVM for different values of the median effective dose EDsp.

3.4. Model parameters, numerical illustrations and global sensitivity analysis

For numerical illustrations, we consider the majority of parameters in Models (1)-(4) as fixed con-
stants, as outlined in Table 1. However, we treat the natural mortality rate u, 1vm for vectors exposed
to IVM, and the rate p of IVM efficiency loss within the human population exposed to IVM as vari-
able parameters. Additionally, while assuming the rate ¢ of humans exposure to IVM as a constant
helps for the mathematical analysis of the proposed model, it is worth noting that for our numerical
illustrations, we consider ¢ as a time-dependent parameter. Taking ¢ as a time-dependent parameter
in our numerical illustrations reflects a practical approach, allowing us to capture realistic scenarios
and better simulate the dynamic nature of interventions in practical situations.

Model parameters. More precisely, we set the duration of an intervention, denoted as d_, to a fixed
value of 7 days. Based on the number of interventions implemented within 1 year, denoted as n,,
and the duration between two successive interventions, denoted as t., we define the rate ¢ (t) of
human exposure to IVM at time ¢. The profile of this parameter is illustrated in Figure 2, capturing
the dynamic nature of an intervention strategy.

Define pu1vm (o) as the proportion of mosquitoes that perish after biting a human exposed to
IVM since time o. We assume that

0.9
- —-10°
14+ (m)

where EDs is the median effective dose. Therefore, the mortality rate u,,rvm(#) of vector 7-time
post exposure to IVM is such that Figure 2

Pmivm(o) =

tmavm(n) = pm —log (1 = pmivm(n)) , (17)

where x4, is the base line vector mortality rate. Finally, we assume that the rate p(7) at which the
effect of IVM vanishes within a human 7-time post exposure is such that

a, T > EDS(),

p(t) = (18)

0 elsewhere.
Note that in the above formulation, the overall average duration of time a human is under IVM after
exposure is EDsq. Specifically, let J(7) = exp (— fOT p (o) do) the probability that a human exposed
to IVM remains in such a state 7-time post exposure (excluding other mechanisms like human nat-
ural mortality). The average duration of time under the effect of IVM is given by [ J(z)dr =
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Figure 3. Effect of the IVM strategy on the epidemic outbreak. (A) The IVM campaign consists of 1 cycle, with 45 days between
successive cycles, and the IVM formulation is with EDsy = 60. The campaign begins on day 120 and by the end of each cycle, 95%
of the target population is covered by IVM. (B) The impact of the IVM campaign on the human dynamics. (C) The impact of the IVM
campaign on the mosquitoes dynamics. (D-F) Similar to panels A-C, but with an IVM campaign of two cycles. (G-I) Similar to panels
A-C, but with an IVM campaign of three cycles.

EDsp + 1/a. We choose, for example, o = 10 such that fooo J(r) dz = EDsp + 1/a = EDsj. The
specific value of a becomes less significant as long as the last approximation holds.

Baseline simulated dynamics. We first use models (1)-(4) to describe the outbreak of the epi-
demics for a given IVM intervention strategy within the human population. We assume EDsq = 60
days and other parameters defined previously and summarized in Table 1. In each simulated scenario,
the IVM intervention starts at f = 120 days, and the population dynamics reach a state of epidemio-
logical equilibrium (Figure 3). Each intervention campaign lasts for d. = 7 days, and the time between
two successive campaigns is t, = 45 days.

With a single IVM intervention campaign (Figures 3a—c), the prevalence of symptomatic cases is
reduced by more than 20%, relative to the prevalence before the intervention. However, this reduc-
tion in prevalence is observed for a relatively short duration. The configuration remains essentially
unchanged when increasing the number of IVM intervention campaigns to 2 (Figures 3d-f) or 3
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Figure 4. Sensitivity indices of the symptomatic cases A = fOT[I,,(t) + Ipiwm(t, 7) dz]dt, over T = 300 days. The shaded parts of
bars correspond to the main indices (effect of the factor alone). The complete bars, including both the shaded and unshaded parts,
correspond to the effect of the factor in interaction with all other factors.

(Figures 3g-i). Nevertheless, the duration over which the intervention sustains a significant reduc-
tion in the prevalence of symptomatic cases substantially increases with the number of intervention
campaigns.

Global sensitivity analysis. Global sensitivity analysis aims to assess the relative significance of
model parameters by dividing the variance of output variables into components attributed to the
primary effects of individual parameters and their interactions of higher orders. In this study, we
explore the sensitivity of the symptomatic cases, given by A = fOT[I/1 () + Invm(t, t) dr] dt, over
a time horizon T = 300 days. Initially, the model is assumed at the equilibrium without the effect
of IVM. The focus is on evaluating the impact of four parameters: t,, EDsg, ¢ and n.. The range of
variation is detailed in Table 1. To estimate the sensitivity indices, an analysis of variance (ANOVA),
inclusive of third-order interactions, is fitted to simulation-generated data. It is essential to high-
light that this ANOVA exhibits a high level of fitness, explaining more than 99% of the variance.
The implementation of the model and the ANOVA analysis are both conducted with R software
(http://www.r-project.org/). The sensitivity analyses reveal that the most influential factor affecting
the symptomatic cases A is the median effective dose of the IVM formulation (EDsy), contributing to
45% of the variance (Figure 4). Followed closely are the target proportion of humans to be exposed to
IVM during a campaign (¢) and the number of successive IVM campaigns (n.), accounting for 19%
and 16% of the variance respectively.

Optimal IVM campaign. In the context of a specified number #. of IVM intervention campaigns,
practical interest lies in identifying the minimum proportion of individuals to be exposed to IVM
during a campaign as well as the corresponding time between two successive cycles f.. One may aim
to achieve, for example, a 10% reduction in prevalence. The effectiveness of such an optimal campaign
is closely tied to the formulation of IVM, as captured by the EDsq. To attain a 10% reduction in
prevalence with ED5y = 15 days, a minimum of n. = 3 cycles is required (Figure 5 a). The optimal
campaign involves exposing a minimal proportion of around 80% of the population to IVM, with the
time between cycles f. falling within the range of 20-30 days (Figure 5 a). However, even with n, = 3
cycles, identifying an optimal strategy to achieve a reduction of at least 20% in prevalence remains
unfeasible with an IVM formulation such that ED5y = 15 days (Figure 5 d). When the ED5 is set at 30
days, a minimum of n. = 2 cycles is required to discern an optimal IVM strategy for a 10% reduction
in prevalence (Figure 5 b). In contrast, achieving a reduction of at least 20% in prevalence demands at
least n. = 3 cycles for the identification of an optimal IVM strategy (Figure 5 e). Nevertheless, with
a more prolonged effect of IVM featuring ED5y = 100 days, achieving an optimal IVM strategy for
a 10% or 20% reduction in prevalence is always feasible, even with just n, = 1 cycle (Figure 5 ¢,f).
Moreover, given the prolonged impact of IVM, the minimum percentage of individuals requiring
exposure to IVM during a campaign remains relatively small and quite similar for both two and three
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Optimal IVM campaign targeting at least 10% in prevalence reduction.
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Optimal IVM campaign targeting at least 20% in prevalence reduction.
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Figure 5. Line 1: Optimizing the VM campaign to ensure a minimal reduction of 10% in prevalence relative to the prevalence
before the intervention. For a fixed number of cycles n. targeted for the IVM campaign, each figure panel determines whether we
can find (i) the minimum proportion of humans to enroll during each IVM campaign to achieve the target prevalence reduction
and (ii) the corresponding time between two successive cycles, denoted as t.. Various IVM formulations are considered, with ED5g €
{15, 30, 100}. Line 2: The same as in Line 1 but with the target reduction in prevalence set at 20%.

cycles (Figures 5¢,f). This proportion is higher when implementing the optimal IVM campaign with
only one cycle (Figures 5¢,f).

4. Discussion

IVM can be implemented as public health interventions to mitigate the malaria burden. Here, we
explicitly factor in the time since human and vectors are exposed to IVM in the identification of the
optimal deployment campaign, i.e. the optimal proportion of humans to be exposed to IVM during
an intervention, as well as the time interval between subsequent interventions required to achieve a
reduction in human prevalence.

The model formulation enables us to easily capture the variation in the IVM effect based on the
duration since exposure. Additionally, diverse IVM formulations, as represented by the median effec-
tive dose EDs, can be explored. The presented model enables the characterization of the optimal
pairing based on the specific IVM formulation (Figure 5). For a relatively short-lasting effect of the
IVM formulation, up to three interventions are necessary to ensure subsequent prevalence reduc-
tion. In contrast, a long-lasting effect of the formulation allows for a reduction in the number of
interventions needed (Figure 5).

In this paper, we established the mathematical well-posedness of the model using classical inte-
grated semigroups theory. Our analysis highlights the basic reproduction number Ry of the proposed
model as the spectral radius of a next-generation operator given by (A16). This operator comprises
components that facilitate (i) the computation of the total count of new human infections caused by
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Figure 6. The basic reproduction number R varies with the proportion of humans exposed to IVM. The exposure rate is assumed
to be constant within the human host population.

an infective mosquito population, (ii) the count of new infected mosquitoes resulting from an infec-
tive human population and (iii) the quantification of the overall decrease in IVM efficiency within
the human population exposed to IVM. Due to the structure of the next-generation operator, espe-
cially considering the lost efficiency of IVM within the exposed human population, obtaining a more
explicit expression for the R within the context of the developed model becomes challenging. More-
over, in our analysis, we uncover two distinct behaviors surrounding Ry = 1. In the first scenario,
characterized by a forward bifurcation, an epidemic is only possible when Ry > 1. In the second sce-
nario, marked by a backward bifurcation, an epidemic can emerge if Ro < 1, particularly when Rg
is in close proximity to 1.

While deriving an explicit expression for the Ry within the framework of the proposed model
is challenging, numerical simulations can aid in evaluating the impact of IVM on the R¢. Indeed,
assuming intervention campaigns occur at a constant rate ¢, Figure 6 illustrates that even with a rel-
atively small proportion of humans exposed to IVM, such a campaign could have a positive effect
in reducing the malaria burden within a short time period. However, it is important to note that
this effect may not necessarily persist for an extended duration, as in practice, IVM campaigns are
not consistently maintained at a constant rate within the human host population. Therefore, opti-
mizing IVM campaigns is crucial for ensuring a sustainable deployment and control of the malaria
burden. Indeed, as depicted in Figure 5(f), with an IVM formulation where the median effective dose
EDs5p = 100 days, an optimal intervention campaign may involve designing n, = 2 cycles, t, = 30
days between two successive cycles, and exposing at least 30% of the target population to IVM. This
strategy aims to ensure a minimum of 20% reduction in prevalence. Such an optimal campaign can
maintain the reduction in prevalence for a relatively extended time period, especially when increasing
the proportion of the targeted human host population to be exposed to IVM (Figure 7).

The size of endemicity plays a crucial role in the implementation of an IVM campaign. For exam-
ple, consider an IVM strategy consisting of three cycles, with 45 days between each cycle (Figure 8 a).
In a moderate endemic setting, this approach can sustainably reduce the prevalence of symptomatic
cases by more than 20% compared to the pre-intervention levels (Figure 8 b). However, as endemicity
increases, the effectiveness of this strategy diminishes significantly (Figures 8c,d). The model pre-
sented here does not consider the chronological age heterogeneity of the human population which is
a limitation given that the majority of clinical cases are observed in the younger population [2]. The
primary human infectious reservoir is believed to predominantly comprise children aged 5-15 [37,
38]. Furthermore, the production of gametocytes within a human host is closely linked to the time
post-infection [39], and mosquito senescence is a crucial factor for a comprehensive understanding
of the overall dynamics [27, 40]. Therefore, incorporating additional structuring variables such as the
chronological and infection ages of both human and mosquito populations, along with the time since
recovery to depict potential waning immunity in humans, would be appropriate for a more realis-
tic quantification of the impact of IVM on malaria transmission. Another potential limitation is the
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Figure 8. Effect of an IVM strategy on the epidemic outbreak for different endemicities. (A) The IVM campaign consists of 3 cycles,
with 45 days between successive cycles, and the IVM formulation is with ED5g = 60. The campaign begins on day 120 and by the
end of each cycle, 95% of the target population is covered by IVM. (B) The impact of the IVM campaign on the outbreak is shown for
a mosquito biting rate of @ = 0.4. (C-D) Similar to panel B, but with mosquito biting rates of & = 0.4 and 0.8 respectively.

absence of gender structure in the model formulation. It can be anticipated that pregnant women may
not be exposed to IVM during an intervention campaign.

The primary objective of this study was to quantify ivermectin’s impact on malaria transmission
and identify key variables for developing a mathematical model in this context. A mathematical model
incorporating these key structural variables, along with the use of IVM in combination with other
malaria control tools such as mass drug administration, seasonal malaria chemoprevention, and bed
nets, will be thoroughly discussed in our ongoing work. To assist national malaria control programs,
and building on recent studies [41, 42], we will also design and quantify the impact of real-world
scenarios using the developed model.
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we find that for 4 € C such that R(1) > —¢, we have 1 € p(A) and using the explicit formula for the resolvent, we
have

(2= A~ foralln e N.

| s o

(A+¢)"
Since the resolvent p(A) of A is non-empty, then A is closed. Hence, the operator A is a Hille-Yosida and gener-
ates a locally Lipschitz continuous integrated semigroup given by {S.4(#)};>0 C L(X). A is resolvent positive, then
Sa(®)X+ C X4, which ensures the positivity of the semigroup {S.4(f)}+>0. Set

o = mmax { ¢,maxg{ﬂh,l)’m,1} 1 (A1)
. 1 In(2)
0 = mm{ 2(km+a)* uptvpt@+yntontky+lplioc +a } >0, (A2)
and let
T
o = (Vho» Um0s Smo> Imo» Vho,[vMs tho v Smo v Imovm) - € Xq N X, (A3)
where

m=2 sup |u(t)|lx and € =2e.
te[0,70]

The non-linear part of the models (5)-(6) given by (9) is not necessarily positive and will not be able to ensure the
positivity of the semiflow, to adjust this, rewrite problems (5)-(6) as follows:

% ) = A%u(t) + F* (u(t)), (A4)

with A* = A — alg and F* = F, + aly, so that F* is positive.

We prove also that the operator A% is resolvent positive. Then the linear operator A” is a Hille-Yosida operator
and yields a positive locally Lipschitz continuous integrated semigroup, given by {S 4« (t)}r>0C L(X).

Let us introduce

Qu={ ueX ut) <m}. (A5)
Due to (10), it is straightforward to show that 7 is continuous and for all m > 0, there exists k,, > 0, such that
[F* ) = F* )| < (kn+ @) |y —all, Vurup € QN XeNXy, Vix0, (A6)

Define {T (44, (f)}s>0 the Co-Semigroup generated by the linear operator Ag : D(Ag) C X —> X, that is the part of
A — alq in X}. It follows that

HT(A”’)o(t)”HX < lulx eC+* foreach t>0 and ueX.

Let the space
Y= C° ([0, 7], Xe N Xy N Q)

be endowed with the metric

d(up,uz) = max Juy () —waOllx, Yu,uy el
te[0,70]
Define the operator W : Y — C°([0, 7], X) by

d
W@w)(t) = Tas), Ouo + E(SA“ * F(w) (1),

with A% :== A — algand F*(u) := Fc(u) + au € X4. Withuy € X, and where * stands for the convolution product.
According to [43], the map t —> (Sae¢ * F*(u))(t) is continuously differentiable as F*(u) € L((0, 79), X) (see
also [44, 45]). One has

d » L+t | e
Haw * F (”))(””X s/o e |F* @) 5 ds

t

< (km + o) sup H”(S)Hx/ e (e+a)(t=9) 4
se[0,t] 0

< to(km + @) sup |lu(s)llx Vi< 1o

se[0,t]

Next, before establishing the contraction of the operator WV, we need to show that W())) C ).
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We have first W(Y) C C([0, 7o], X) since {T(44), (#)}>0 is a Co-Semigroup. In addition, using definition of m
and 7 given by (A2)-(A1) we ensure that W(Y) C C([0, 79], Q). Next, according to the following approximation
formula (see [43]):

d ¢
E(SAa * FO(u)(t) = ili)rr;o/o Teaey, (t — $)A(A — A)TLF*(w)(s) ds,

and positivity properties of F* and {S 4« (f)}¢>0, we deduce that %(S aa * F*(u))(t) is positive, then W()) C
C([0, 7], Xy N 2,,). It only remains to show that W(u(t)) € X, for each u € Y and ¢ € [0, 7p]. To do so, we must
first observe that t — T(44), ()uo is a solution of the Cauchy problem

d
d—l:(t) = A%u(t), Vtel[0,1], withu(0) = ug € Xy for each e > 0, (A7)

and uy is given by (A3).
This means that

t
/ T(.A“)o (Supds € D(.A), Vvt e [0,1],
0

and

t
Tany, (Hug = up + A* / Tan),(S)ug ds € D(A), Vtel0,r1].
0

Using the Volterra formulation associated with the Cauchy problem (A7), we can give an explicit form to our Co-
Semigroup as follows:

Vio e~ (unte+a)lat
ipo e~ @E1+Di+ala)t
Smo e~ (um+at
Ino e—(um+a)t
ORZ
Li<eyvnoavm(z — D exp (— [, (un + p(0) + a) 1 do)
Teany,®up = Op2
Li<oyunovm(t — 1) exp (= [7_, (Dy + p(0)lq + aly) do)
0

Lit<pySmovm(n — t) exp (— f,:_t (tmivm(o) + a) dﬂ)
0

Li<pmovm(n — 1) exp (— St (mvm(@) + a) dff)
By setting

Qu=ttn+vh+¢+yn+on+kntlplio +a
we observe that

vho €~
Uno e~ Qut
O]RA
Taay, (Do > | 1jp<eyvnovm(z —t) e
OR2
L<oythnovm (t — ) et
OR4

—Qnt

Since we know that % (Saa * F*(u))(¢t) for each t € [0, 7¢] is positive then we can compute 7 (u(t)) as follows:

00 ges)
T () > lvhollge €U + llupollpe e~ %! + / vhogvm(z — £) e~ Al dr + / uporvm(t — ) e~ de
t t

—Qut Qut

> [viollr2 € + lunollgz €% + | vaorvm ||L1(R+) e U + upovm ||L1(]R+) e

> (”VhOHIR“ + llunolls + [vhorvm | 1,y + lunorva (R+)) e U

>éee” U0 viel0, 1)
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Using the definition of 7, it’s just so happens that for each t € [0, 7p] and u € ) we obtain
T (u(t) > e.

Hence, W(Y) C Y. Then, for each (u1, u;) € ), we have the following estimation:

W(u1) = W(u2)lly ax, 1G@1 () — Guz ()l

d

IN

7o (km + @) max [luy(t) — uz(0) [l x
te[0,70]

IN

to(km + o) llur — uzlly

IN

1
5“141 —uzly.

It comes that W is a %—Shrinking operator. By using the Banach-Picard theorem, there exists a unique mild solution
u € C([0, 0], Xe N A} ) for the system problem (11) such as

t t t
/ u(s)ds € D(A), and u(t) = up + .A/ u(s) ds +/ Fe(u(s)) ds, VYtel0,10],
0 0 0

and the Volterra formulation given by (12) - (13) holds true. Furthermore, this solution is defined in a continuously
differentiable sense and becomes classical: i.e. u € C1([0, 79], X N X1). Whenever ug € D(A).
For the estimations in (i), let the total number of humans at time t is given by

Nh(t) = ”Vh(t) H]RZ + “Mh(t) ”Rz + ” Vh,IVM(t’ -) ||L1(R+,Rz) + ” uh,IVM(t’ -) HLI(]RJr,]RZ) .

The dynamic of the total human population is given by

Nu(t) = Ap — upNp(t) — S4B, (uh(t) + /0 upvm (6, 7) dT) .

Since the solution of the systems (5)-(7) is positive, we have
Nu(®) < Ap — unNp(t),  Ni(®) = Ap — (un + Sn)Nu (D).

Then, by using Gronwall’s inequality, we obtain

A
Ni(f) < Np(0) et 4 = (1 — erunty (A8)
Hh
supplemented with
5 A
T (u(t)) = Ni(t) = T (up) e~ (nntont _Bh (1 _ e—(uh+5h)l) . (A9)
fn+ O

By the definition of €, we have taken € € (0, ), we see hat

Ay
Hntvptd+yntoptknp+llpllpoo

< Ah < Ah
Tt ot ynt+ontkn+Iplle T pn+

€

So that, we are able to find a constant o > 0 such as

Ap
W+ 0

=0 +5¢,

It follows that

Ap Ap - )t
T (u(t)) > + (T(u ) — ) e~ (Unton)t
» Un ~+ On O+ o

> & o (11— e AW L (T (ug) — &) eVt
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Since 7 (ug) > € by assumption, we then deduce that u € C!([0, 7o), Xz N X.). From here, we define the operator
W:Y — C%(0, 1), X) by

- d
W) (®) = Taey, (Ouo + -~ (Sa x FHw) (@),

for each u € :)7 = C([0, 0], Xz N Xy N Q,,). In the similar way, we prove that Wisa %—shrinking operator with

W(j)) n 5), and we prove by using the Banach-Picard theorem that the Cauchy problem (11) admits a unique mild
solution u € C([0, 7], Xz € X}) since ug € X, and this mild solution becomes classical whenever uy € D(A). We
can easily use some classical time extending properties (see, e.g. [46]) to extend the solution over a maximal interval
[0, tyax] with t0 > 0.

Moreover, the total number of mosquitoes at time ¢ is given by

o0

Nip(t) = Sp(t) + L (t) +/ Smivm(t, 1) dn +/ Lnvm (t, 1) doy,
0 0

The dynamic of the mosquito population is given by

oo
Nin(t) = A — ptm (Sm(t) + I (1)) —/ LM () (Smrvm (b 1) + Lnrvm (6 7)) da,
0
Since the solution of the systems (5)-(7) is positive, we have

Nm(t) <Am— ,u*mNm(t)’ Nm(t) > Am— (,um + ”fum,IVM ”Loo)Nm(t)’
with

iy =min{ wm, | tmivm |}

Similarly, using Gronwall’s inequality, we have

" A .
Nu(®) < Np(0) e 4 =1 (1 — et (A10)
u

m

supplemented with

Npu(®) > Nu(0) e~ (mtllumvm o)t M (1 _ e—(#m+||#m,1vm||mo)t) ) (A11)
Hm + “,um,IVM ||Loo
Then, we have
A A
lim sup Nj(t) < Zh lim sup Ny, (f) < —T
t— 00 Hh t—00 m

To prove (iii), we assume that ug € X} so that u € C([0, 9], Xe N X) is a mild solution to (11). Since D(A) = Xy,
it comes that there exists a sequence of initial data {ulg}kzo € D(.A)N so that limg_s o ||u]5 — up|la = 0. There exists a
unique solution ¥ € C'(Ry, Xz N X}) V k > 0 to our Cauchy problem (11) according to the initial data ué. Hence
t € [0, 79]. It follows that

d d
[ur - | = HT(A“)O (0 = T(amy (O + — (S + F@)(O) = - (Saae + FH @)W H
X

1
kH k
< \lug — u + — max ||u(s) — u*(s , Vtelo,r
< H o=, 256[0,1’0]” (s) )l [0, 70]

Then, we have

= w] = max u) = @l <2 o - uf
Yy te[0,70]

Hx — 0, whenk — oo.

We rewrites u(t) as follows:
u(t) = uk () + u(t) — uk (o).
It comes that
T@®) = TH) = |u) - o) . (A12)
In the former case, we have
Ta®) > & - |uw - o] .
and in the latter case, we obtain

T (u(t)) > T (uk) e ntont 4 ﬁ (1 - e‘“‘h“"hﬁ) _ Hu(t) — k() HX
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when k tends for infinity, it comes that 7 (u(t)) > €, whence u € C([0, 7o), Xz N X4),and (A9) holds for each ¢ € [0, 7]
respectively.
Likewise (A12), we have

T(w®) < )+ |uv - o]
< T(ug(t)) e Hht % (1—em#rt) 4+ Hu(t) —uk(t) HX ,

Eld when k tends for infinity, we observe that the estimation (A3) holds true for each t € [0, 7¢]. Letting the operator
T : X —> X defined by

T (u(t)) = Sm(®) + Ln(t) +/0 Smavm(t 1) dn +/0 Imvm(t 1) do.

We prove the estimations (A10)-(A11) for each u defined by (8). Using what was done earlier we show that this solution
u is global, this means that u € C(R4, Xz N Xy) and each above estimates holds for each ¢t > 0.

A.2 The computation of the disease-free steady state

Here we derive the disease-free steady state. In equilibrium, the time derivatives are zero and in an infection-free pop-
ulation, the compartments of the symptomatic, the asymptomatic and the recovered are empty. Taking into account

that A) = I} = R) = A} 1y = Iy = Ry = 0 and I, = I, 1 = 0. All that remains is to solve the following

system

0=A— G+ A+ [ pOS (o) dr,

0
dS(lz,IVM 0 0
T(T) —(un + P(T)) Sh IVM(T)’ Sh,IVM(O) = ¢S,
()
0= A — ums, _/ PRI
0 Nh 0
ds® o S (7)
M(’7) = —ftmvm () Smvm (1), SSH,IVM(O) = S(r)n / ‘9% dz
d77 Jo Nh

This leads to

A
unt+¢— [ gp()e” Jo Guntp@)ds g7

SE,IVM(T) _ ¢52 e~ Jo (untp(s)ds 52 _

o S (7) 4 A
s0 :SO/ ewd - ﬂm,IVM(S)dS) 0 — m .
m,IVM(”) " NO te m 0 Sﬁ,wm(ﬂ)
h Hm + fO GT d‘[
h
We rewrite the last relationships as
Y VR RN IV T
i+ ¢ — )’ Shavae wn+ ¢ — )
A
O =m0 — §0 20141T k
m Lim + 12[(]5] m,IVM(’?) m h[¢] m(n)

with

Ty =e” Jo tmvm(s) dS) Yu(r) =e” fgt(ﬂh+ﬂ(5))d5)

¢ Jo° Wa(r)de
1+ ¢f0°O W, (r)dr’
Thus the disease-free steady state is E* = (Vh’O]RZ 80,0, Vh M 0w, +)’qu,IVM(')’0L1(R+,]R+))T> with V) =

0 T 0 T
S 0" Vyrym = (ShIVM’ 0"
Obviously,

Xh:/o p(@)¥(r)de, )] =

ah= /O p(0)¥y(r) de

R T
=/ p(r)e #nt e Jo PO gq

0
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o T
< [ e kirota
0

(1 e fo‘”p(s)ds)

1.

INA

IA

This ensures the positivity of E°.
Note that the total number of humans in an infection free population N,? is given by

S
N tn+d QA — xn) 1+¢/0 e dr ).

A.3 Basicreproduction number

Here we derive the basic reproduction number R of the models (5)-(6). We recall that (u, I, tn1vm, Imivim) satisfy
the following equations:

up(t) = Am()Ervi(t) — ¢pE1up(t) — Dpup(t) +/0 p(@)upvm(t 7) de,
Tn(®) = 2 (OSn(©) = b (®) = (A aa O + 2 ) 0,
©r + ) unvm(t, ) = Am(OE1vhivm(t ©) — Dhunivm (b 1) — p(D)unvm(t ), (A13)

(0 + 0p) Imavm(t, ) = (flh(f) + ii)IVM(t)) Smavm(t, 1) — ttmvM (D Imrvm (& 1),
v (6.0) = SE (0, mavaa(6:0) = 2 (DS (®) + (25500 + 2 1y ) In (0.

0= s 5, ) 0= e 50

—@E up(t) — Dpuy(t)
xp(t) = ( —up1vm(t 0) )

—0ruprvm(t, -) — Dpupivm(ts ) — punivm(t, -)

Let

Then we have

Am@m (D) Ervi () + [5° p(D)upivm(t, 7) dr
+ ( PE1up(t) )
2o Gem () Erviivm (¢, -)
. —~tmIn(® = (25 g Onrvm (8 ) + 2 g G (6) ) I (0
X (1) = ( —Imvm(t, 0) )

—Oplmivm(t ) — tmavm (D Imavm (£ -)
An(xn () Sm ()
| [ Cn SO + (2 yag Gnrvan () + 2 g G (0)) Tn (0
( (0 Gon(0)) + 24, g 0 (0)) Smnavma ) )
with

9 o0 9
o) = Ni;“ (Im + / P dn), o) = Nifeuh,
0

I OB [ N 0 e
AprvmGen) = — eupvm(t) dr, Ay vy (Vhivm) = —— evprvm(7) dr.
Ny Jo Nu(®) Jo

Therefore, (x4, x) satisfy the following equations:

(A14)

xn = Apxn + Fn(n X Vi ViIvM)s
Jm = A 20, virvm 1Xm + Fon (hs Xims Vi IvMo> Sm> SmIvm)s

with

—@E1uy, — Dpuy,
Apxp = ( —up,vm(0) ) ,
=0 upvm () — Dpupvm () — pupivm ()
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~ sl = (A o PRI O) + 2L g 0))
A [Xp Vi rvm]Xm = ( —In1vm(0) ) ’

—Oplmvm () = i tvm () I rvm ()

AmGem)Erv + [ p(©)uniym(z) do

Fn > Xim> Vi Viyivm) = $E1uy ,
Am (Xm) Ervivm ()
2 (xn)Sm
S )
Fon (s Xom> VRIVM> Sm> SmivMm) = Ahavn ) S + (/lh,IVM(VhJVM(')) + Ai,IVM(xh)) I

(0 Go0) + 24 g 6 ) Sonavaa )

We want to compute the next-generation operator, for this by linearizing system (A14) at the disease-free steady state
E0 given by (14), we have

%(xh)xm) = Ao(xh)xm) + fo(xh’xm)> (AIS)

with A® = diag(Ap, A%), F° = (FP, FY),

—u mIm - )“fl,IVM (V?,,IVM('))Im

A X = ( —Inrvm (0) ) ,
—0pImivm () = mivm ()L ivm ()
AmGem)ErVy) + [5° p(D)unvm(r) dr
T (s xim) = PE1up ) ,
Am m)Erv 1ypg ()
l;,()ch)sg1

Ty Cs X)) = PGS + 25 gV ryng () o
(Ah(xh) + li’IVM(xh)) Souvm ()

and
0 o0 0
2o (Xm) = i(r)n (Im +/ Inrvm (1) dn), An(en) = ﬁ: Elh>
Nh 0 Nh

I 0pn [ S 0 [
Aprvm&n) = — euprvm(z)de, Ay ym (Vi) = —5 evpvm(r) dr.
Ny Jo ’ Ny Jo

Thus the next-generation operator G is given by

g= fo(_AO)—l‘
For the computation of G, we have first
o (¢El + Dh)_l W
(=A™ ( Wo ) = T » ) |
YhIVM Tu(D)wo + Jy Th(©)Th(=0)yhvm(c) do
- m
0y—1 Pm 2y o P o ()
(=Aw) ( »o ) = ! |
PmIVM Con()0o + Ji T T (=0)pmivm(o) do
and where
Fh('[) =e jb’(p(u)]d+Dh) da’
L (’7) =e .[6’7 HmvMm(a) dg.
Set

7
() = 00 + / Tu(=0)pmivaa(0) do,
0

wi(t) = wo +/0 Tn(=0)ynivm(o) do.
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We compute F7(—Ay) ! and FP,(—.A%,) ! respectively by

i o @EL+ D07\ [ i o
s ()7 (G
YhIVM PmIVM Lu(0)wn(r) (Fm(n)(ﬁm(n))
% (‘”7’"0 + Jo 7 T @m(n) dn) Eivp + 57 p(OTh(0)yn(e) de

i\ m 2 o Vv ©)
E1(HE1 + D)Ly
0Bm m =
ﬁg (5(070 + fooo L () @m () d’?) Ewﬁ,l\,M(-)

Hm 2y Vrvm )

a2

@)

I p@Th(2)wn(r) de
f}?,h (l/'/h) = ( (;1551(4551 + D)Ly ) ,

Yh 0p1

with

O (___om 4 [ 5 0
NE (/"”+'1i,IVM(VE;,IVM(‘)) + fO FWI('//)gﬂm(”) d’?) El Vh
]_—Om (?m) = OR2 R

Pm
0 (?’7 [ T ()fm() dn) B ()

h /‘m"'}'i,IVM("g,IVM('))

and

Z om @E + D07 i\ [ o
.7:0( .A )_ |:<( Yo )),<( ®o ))j|=]:31 (( ‘//Q ))) / +h,v¢0h,v )
YhIVM Pm,IVM Tn(m)yn(r) (rm(n)(ﬁm(”))

%re(pEr + D)~ S,

[ » m
L{f’ fooo el (D) yn(r) dTSO + 23 IVM(Vh,IVM( ))m

(()ﬁ" e(PE1 + D) Ly + Wj’“ fo eln(2)yn(r) dT) v ()

()
(&)

= (Fow Fonum)

with
%e@sa +D;1)-1whs‘3n
7o (w) _ % [ eln(e)wn(z) desy,
m

Wh
(”/”he(mwh) 1Wh+"”hfo erh(f)Wh(T)dT> 82 ()

>

0
Form (‘6*") = No o~ e"h wm () de S

Pm “hIvM (Vh M)
Or1 R, R)

From where,

A((5)
&)

h
h

Pm
Pm

(
(

SRS
N~

— f}?,h fl?m
A

m,m
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_ OPm Pm 1 5 E0
f()oo p@On(T)wn(z)dr N (”m+'1i§,IVM(Vg,IVM(‘)) + fo m(Fm(n) d’]) ¥
GEL(PEL + D)ty | + O2
0L, R2) 9Bm om 00 = 0
+ N? ""H'i IVM(Vg ) + fo Con()pm(n) dn Elvh,IVM(')

%repEr + D)y,
= Bﬂhfo el () yp(r)deS?,

(ﬁﬁhe(¢E1+Dh) ll//h—i-ﬁﬁhfo erh(f)l//h(f)df) Spurvm ()

Or
0 %0 ,.0 P
v ev 7)dt —5 57—
+ N? fo h,lVM( ) m 2 v O v ()
0wy R)

By deleting lines 2 and 5 of the previous relationship corresponding to the initial data, we have

(V_/h)

g Yh
Pm
Om

Bm 5 0
Ny (/lm+’hIVM(Vh v () + fo Lo () (1) d”) Ewv,

(fo""p(r)rh(r)v’/h(r)dr) +
OPm

011 (R, R2) : 7
+ (V’im + Jo " Ton(m)@um(n) d’?) v v ()

N\ 2 p Py ()

9ﬁhe(¢E1+Dh> LynSY,

(eﬂhe<¢E1+Dh) wﬂ“fo erh(r)wmdr) 80 vm ()

The next-generation operator G is then defined from (R? x L!((0, 00), R?)) x (R x L!((0, 00), R)) to itself by

() a ()
i) | _ B Wn
g (<ﬂm) _(C ORxLl(R+,R)) <sﬂm) ’ (Al16)
Om Om

where
A(V.’ ) (fo p(r)rh(r)wh(r)dr)
l//h OLl(lR+ ]RZ)
T2 + I T () dn ) By
B (qﬂm = Nﬁ ’um+;'i,IVM(V2,IVM(')) Jo h
@m B [ om 00 _ o 4 >
Ny (”m*’ii,lvm("g,wm(‘)) + fo Lon () @m (1) d”) Elvh,IVM( )

” We@E + D)7 ),
(w) B (% e(pEr + D)~ lyn + L b0 erh(r)y‘/h(r)dr) 80 vm ()

From the next-generator operator, we deduce that the basic reproduction number R is defined by the spectral radius
of G denotes by

Ro = r(G).

A.4 Proof of Theorem 3.3 (i) and (ii): existence of an endemic equilibrium

We know that any endemic equilibrium

s * % * ok * * T
E* = (3, X0 Vi Vi v S S ive)
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must satisfy the following equations:
* -1
X, = (=Ap) f;(x;;,xfn),

x5 = (= Amlx <)) 7 Fra,x),

o0
0= Aner = Am ) E1v;, = (un + $) Vi, + Knvy, + yhEasdy + / P (Wi () dr,
0

VZ,IVM(T) =g¢vie” Jo Gy Er+(un+p(0))1g)do
T - .
4 / IRt pyng () € (G B Gackp@ia)do g
0
St = Am
 _

tm + An(xp) + ii,IVM(V;,IVM) + ’li,IVM("Z))

— Jo (m () +AT ) d
S:n,IVM(’?) = AEIJVM(VZ,IVM)S;[C Jo (/4 Ivm (0)+45 (x))+ h,IVM(xh)) o

With
— I*_/'LS (h(* * ))—|—}.I (*)I*
Hpk Homm hvm 12X Uy T hivm On) ) L
An i x5, 1, = ( =L vm (0) ) ;
_aﬂI:n,IVM(') - /‘m,IVM(')I:n,IvM(')
/Im(x:n)Elhl(u:,) + fooo ,D(T)MZ)IVM(T) dr
F (e x,) = PEu; )
Am () Erha (g, uh 1y ©)
A () ha (g, X3)
* S * * ) *
T 55 %) = v @) Sm + (ih,IVM(hz(xW U e 7)) + Ai,IVM(xh)) In

(20G00) + 24 g 00 ) B 501

(A17)

(A18)

(A19)

(A20)

(A21)

With hl(u,’;) =}, and hy(x},, “Z,IVM)’ hs (x> x7,) and h4(xfn,x;, n) are respectively the right-hand side of Equa-
tions (A19), (A20) and (A21). Using Equations (A17) and (A18), we have the following fixed point H (xz,x;"n)T =
(xz, xfn)T, where H(x; N x;‘n)T = (Hy (x; s %) Hin (x; N x;))T and Hy, (x; s X5)s Hi (x,’: , Xp,,) are respectively the right-hand

side of Equations (A17) and (A18). Thus the endemic equilibrium point is fixed point of H given by

H(x;‘,,x;)T = (x;‘,,x;‘n)T.

(A22)

Equation (A22) implies that at the endemic steady state, the infected population simply reproductive itself. Therefore

we can call H the next-generation operator at the endemic steady state.

Lemma A.1: (i) His positive, continue operator. There exists a closed, bounded and convex subset Z C Y := (R* x

L1((0, 00), R?)) x (R? x L'((0,00),R)) such that H(Z) C Z.

(ii) Operator H as Frechet derivative at the point (x},x*) = (0,0) and = H’(0, 0) is positive, compact and nonsup-
p p > Xm p p p

porting operator.

Proof of Lemma A.1.: (i) The operators Hy,, H,, are defined by
Hp (x3,, x;,,)
Hy,(xj, %) == | Hpa (x5, x5r,)
Hy3 (x,, x3,,)

% (% + Lo T, (n) dﬂ) Exhi () + [o° p(OTw(0)y; (r) dr

T
M+ 1y (KX

= PEL(PE1 + D)y
Y (“’7) + [ T ()@ () dn) Evhy (5 4} jyaps )

h /tm+ii‘ij [Catte A
Hym (XZ:x:n)
Hp (g, %) == | Hina (x5, x3,,)
Hm3(xz’x:1)
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N e(@E: + D)™ wjhs (5 x7)
0 - o
= I\/’? Jo~ eTn@w;; (T) d7h3(xm’xh) + A vm @ X5 ‘)m

(% e(Er + D)~y + % [ eTu(0) i (2) de ) haCy )

With

1
om () = 9o +/ Cin(=0)pvm(0) do,
0

T
PO = i + /0 Th(=0 )y ryag (@) do

«SI * * _ 1S * * I *
Aty G %> ) = Ay ryn (12 G g ynes ) + A v ()

It is straightforward to see that the operator H is continue and positive. Since the flow of systems (5)-(6) is
bounded (Theorem 3.2), we can find an constant M > 0 such that Iy, Il ®yR) < M, | vl RRY) < M,
and since we know that

. * Ah * % %
lim sup ||yh(t) H <Ny < —,  foryp € {x3, v, v ymh
t—00 Hh

. A
lim sup [|ym ()] < . for ym € (x5, S5 I s Smrvm)-
t—00 Hm
We have
1 Hp (o 5,) 0 Ry R2) < Cn + ||ﬂ||L°CE’ 1 Hha s ) 11 4 R2) < Chrs

1 Hps e 5) 1y R2) < Cons ||Hm1(xZ:x:n)“L1(R+ ®) < Cn2,

OBnAp
m

1 Homz (o ) 1y < + @+ eﬂh) /12 s I Hms (5 x5 ) Iy Ry < Chz + 0BuM,

and where

ﬁh b er@E: + D) e

A _ Ap _
Con = O (—;” +M), = P B B+ DY, G =
Hom Hh
Therefore [|H(x;, x;)ly < M with

Ay A _
M = 2C+ lpllie e+ G+ (0 + eﬂh)ﬂ—g" +2Cpa + O M.
m

Setting Z = B, (0, M) with B, (0, M) := {(x}, x;,) € Y : [|(x}, x;) [y < M}, hence H(Z) C Z.

(ii) Since h1(0) = vg, h(0,0,-) = ug,IVM(')’ h3(0,0) = S(,)n, h4(0,0,) = S?n’IVMC) (the disease-free steady state)
and H infinitely Frechet differentiable, the jacobian at the point (0, 0) (without initial values) is given by the
relation (A16), for instance

H'(0,0) = (“é B )

ORx1!l(R,,R)
It is straightforward to see that the operator H’(0, 0) is positive because the operators A, 3,C are also posi-
tive and the proof of compactness of the operator H’(0,0) is similar than the proof in Section A.5. We claim
that H'(0, 0) is irreducible because the associated graph of the matrix is strongly connected, which implies the

nonsupporting of the operator H'(0, 0). That end the proof of Lemma A.1.
|

Since the previous lemma is satisfied, therefore there exists a unique positive eigenvector y corresponding to eigen-
value Ry = r(G) of H'(0, 0). using the same argument as the Krasnoselskii fixed point theorem [23, 24], it come that if
Ro = r(G) > 1, then the operator H has at least one positive fixed point A* € Y \ {0y}, corresponding to the endemic
equilibrium of systems (A13)-(A14) and since H(0, 0) = (0, 0). This completes the proof of Theorem 3.3(ii).

A.5 Proof of Theorem 3.3(iii): stability of the disease-free steady state E°
We must first by prove that the operator F° given by (A15) is compact.
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For this, we first rewrite F© as follows :
FO = (F)L P FLFLFLF)T,

where F2, 2, F9, F2 : Xy —> R2 and FY, FQ : Xy —> LR+, R?).

Since the operators .7:? N f}’ N fff and fg have values in R%r and the solutions of our problem are bounded, the only
thing left to do is to prove that the operators 2 and 2 are compact. Let : belongs to the set of positive real numbers
(R4), and let Z be a bounded subset of X'0. Consequently, there exists a positive constant g such that for all ¢ in
R+, the supremum of the norm of u(t) in Z is less than or equal to my. Let Th represents the translation operator in
L} (R4, R?), defined as follows:

Tu(y) = w(- +h).
In the former case, we have

oo
ITh (P @) = F @ e, g2 = / om (im) | 1V g (7 + 1) = By (7) | de

mo0Bm
Ny

mo0Bm
Nj

00
/0 | EIVE‘IVM(T +h) — Elvg,IVM(r) | dr

HE1 (Th(vg,IVM) — V%IVM) ”Ll(ﬂh,Ri) — 0 whenh — 0.

Since v yy € L' (R4, R2), it comes that

sug ||Th(.7:3?(u)) — fg(u) ||L1(R+,Ri) — 0 whenh — 0,
ue

and in the latter case, according to the Lebesque theorem it comes that

sup /Oofg(u)(r) dr < %

00
/ vg,IVM(r)dr — 0 whenc —> 4o00.
uez h

4

Therefore, by using the Rietz-Frechet-Kolgomorov criterion (see, e.g. [47]) we deduce the compactness of 9(Z) in
L'(R., R?) which means that the operator F} is compact. The proof of the compactness of the operators Fg is done
in a similar way. Thus the operator F° is compact.

Next, we prove Theorem 3.3(iii), we observe that A° is resolvent positive with s(A%) < 0 and F? is a positive
pertubation of A%, There we use the theory developed by Thieme [48] and then r(F°(—A%)~!) —1:= Ry — 1
and s(A? + F°) have the same sign. Moreover, A° + F° being a generator of uniformly continuous semigroup
{T 40470y (£)}>0 s0 that there exists a constant M > 0 such that one has || T( 404 70) () 2 (X) < M e <'foreacht > 0.
Then we have

S(A° + F) = wo(A° + F0),
(where wy denotes the growth bound with wy (A + 7O = lims 4 oo %ln(” {T(a0470)(D}=0ll £(x)))- Since the oper-
ator F0 is compact, then from [29] we deduce that

{ heo(A'+F%),%() = —¢ },

is finite and composed (at most) of isolated eigenvalues with finite algebraic multiplicity, where & (-) denotes the spec-
trum [28]. Consequently, it remains to study the punctual spectrum of A + FO Since r(FO(= A1) —1:=Ry -1
and s(A° 4 F) have the same sign, then if Ry > 1 we have s(A° + F°) < 0. Thus all the eigenvalues of the operator
A° + F0 have strictly negative real parts, which prove that E? is locally asymptotically stable.

Next, we recall that 2 — r(F°(1 — A%!) is convex and strictly decreasing in (s(.A°), +00). Since Ro =
r(F°(=A%~1) > 1, by the intermediate value theorem, there exists g > 0 such that r(F°(1g — A%)~!) = 1. There-
fore we have s(F° 4+ A% — 19) = 0 so that s(F° 4+ A%) = 1. Thus we are sure that the spectrum of the operator
A° + F9 admits at least one real positive eigenvalue when Ry > 1 and in this case the equilibrium E° is unstable.

A.6 Proof of Theorem 3.4: bifurcation of an endemic equilibrium

" l(Am>T
VrvM(t) = €(Am, TPV, + }’h/ f(i)EZuh,IVM(U) do,
0 (lm) 0')
upvm(t) = ¢Tp(T)Erup + Am /I L(T)EIVhIVM(J) do,
’ o Tul@) " (A23)

— 2
Smavm () = 25 1y Sm Ui () €= 1 i)™,

, 9 —_ 1
Lnrvm (1) = (3 ryng + A4 a0 S+ L) T (1) = 23 g Sm D () €~ 1 mvad)”,
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where (A, 7) = €~ Jo GmEv+pntp(o)=Ky) do
Introduce the linear operator

Eyw()drdo, VYwelLl.

T 7 (A
Lim[wl(w:w(r)—mh/o “”E/O (A, 7)

Th@) " Sy €Gm )

Then by (A23), it comes

* Iu(r)
Tu(o)

Eytl(Am, vi, up, 0) do,

upivm(t) =L [asrh(r)Eluh + (zm /0

S,
Vv (0) = (o O)p¥i + 71 /0 5& ;;

=~ Hn

Sm,IVM(”) = li,IVMsmrm(n) €
=13 M N *(M‘F%IVM)’?
Imavm(n) = ( nivm T h,IVM)(SW‘ + L) T (1) h)IVMSmFm (me b .

Eit(Am>0) dU) ¢5Vh:| = (A, Vi up, 7),

Therefore,
_ OBm s i = s o TR
Am = 7Nh Iy, + (’lh,IVM + j‘h,IVM)(Sm + Im)rm - /lh,IVMSm rm(’?) € g d’] >
0
0 o0 T
A o = ﬂ/ eL;! [¢rh(f)51uh + (im/ h(T)Elf(Am,a)da) qm,] dr,
Ni Jo o (o)

1% o0 . Tl (AmyT)
)”i,IVM(t) = m/() e [K(Am,r)¢vh + yh/o f(/l:,o')Ezu(/lm’U)do-] dz,

with T, = jg)o T (n) dn.
We now deal with the following system:

o0
0 = Aper — AmE1vh — (up + @) v + Kpvn + yrEaup +/ p(@)vpvm(z) de,
0
(o]
0 = AmE1vy — ¢E1uy — Dpuy, +/ p(@)upvm(r) dr,

0=Am— tUmSm — (ih + j'}in + j'ﬁz,IVM) Sm>

0= AnSm — ttmlm — (;“ISMVM + v ) o
with the expression of 4,,, li vy and A{l vum &iven by (A24).

Remark A.2: Let’s assume 1, is small enough. Then

T Th(z) 7 £(0,0)
rh(a>E1/o (0,0)

Loy, (W] = w() = A7 / Eaw(0) d do + O(2),
0

and therefore

L) = w0 = 2 [ 58 [ 20D

2
Fh(a) 1 f(O, (j) EzW(C) dC do + O(lm)

With the above remark, it follows that

* (1)
I'n(o)

U(Am> Vi, Uy, 7) = U (z)Equy + (lm/ E1£(0,0) da) Pvp,.
0

Let’s solve the following system:

0= Aper — AmErvin — (1tn + @) vy + Kpvi, + ynEaup
o0 " l(AmyT) . _
+ p (@) | €(Am> T)PVH + 1 Eytl(Ams> v, up,0) do | dz,
0 .

o [mo)
0 = AmE1vi, — ¢E1up — Dyuy, +/ p(©)u(Ap, vy, up, 7) dr,
0

we have

oo -1 oo oo
uh=zm(¢E1+Dh— / ¢p(r)rh(r>E1dr) (E1+ [ ¢p(r)r"(”Elz<o,r)dadr)vh

I'n(o)

(A24)

= AmMivp,
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with
o0 -1 00 oo r
- (¢E1 4D, —/O ép()Th(2)Ex dr) (El +/0 /0 (jﬁp(r)F:E;))Ell(O,r)da dr).
Therefore
v = 81 (), (A25)
up = AmMig1(Am).
with

g1(Am) = (imEl + (un + @) Ia — Ky — AmynEa My —/0 ¢p(0)1(0,7)dr
00 rr 10,
—im /0 /0 ¢yhp(r>l§g—a’;Ezrh(z)ElMl do dr

10, 7) . Tu(o) -
—Am / //ff’)’h ()I(O ) 1_h(g)Ezl(O,g)dgdad‘r) Apey.

Moreover, by (A25) it comes
Ny = eup + evp = (eAmMi + €) g1 (Am)- (A26)
Let

£20m) = (;“{MVM + ’lz,IVM) N

=9ﬁhim/0 [¢Fh(I)E1M1 +/ (’bl“ © )Ell(o T)]gl(/tm)d'[

) / e [f(o,r)qsgl o) + Vi /0 ¢§$’3E2 (F(0)Ex M,

+/0 ?’;E ;EIZ(O c)dg)gl(ﬂm)da] dr,

By (A25) and (A26), we have

0 AmM A
= ﬂeuh — 0, eAmMig1(Am) ‘
N (eAmMi + ) &1 (Am)
We also have,
Hm + An+ /li,IVM + j‘i,IVM)
IS
Im = S T
tm + Aprym + Apvm
_ AnAm
(/‘m + 0+ e + ii,IVM) (/‘m + v + A‘iz,IVM)
_ Hﬁh )~mAmeM1gl (Am) (elli + E) 81 (im)
[1m €AmMi + €) g1(Am) + AmeMigt (Am) + 82 (Am) | [1tm (€2mMi + €) 1 (G + &2 () |
Therefore,
6

= 02 B1BnimAmeMigi ()
[ﬂm (eAmM; + e) g1 (Am) + /lmeMlgl (Am) +g2(/1m)] [Ium (eAmM; + og Com) +g2(/1m)] .

Since we are interesting for 4,, > 0, the above equality becomes
8§Gm) =1, (A27)
with g a function defined from R to itself by

02 BuBmAmeMigy (Aom)
[m (€AmMi + &) g1 (Am) + AmeMig1 (Am) + 82(Am)]| [m (eAmM1 + €) 1 () + &2 (Am)]

g(im) =
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Since
£1(0) = Spey,
o0
2(0) = /0 S, 1y (7) dr,
we have
o O BufmAmeMigi (0)
g(0) = —HEmZme 8L
(14meg1(0) + 2(0))
02 BrPmAmeMier S,

= - g = 6 fubmio,
(ﬂmsg +0 [, S(});,IVM(T)dT)

AmeMieS)
(mSY+0 [5° Sh v (1) do)?

with ¢y a positive constant such that ¢y =
Set
7o = 0° Bufmco-
Then, (A27) rewrites as a 7p-parametric equation
G(?O’)vm) =1,
with
(fo/C0) AmeMigi (4)
[m (2eMi + €) g1 (2) + 2eMigi(2) + g2(A)] [14m (AeMy + ) g1(2) + g2(2)]
Note that G(1,0) = 1 and by the implicit function theorem, it comes

(ﬂ) _ _%G0,0)
dro / |(ry=1,1=0) 8,G(1,0) "

= 1/¢o)A,eM 0 1/ A SOM
aroG(l,O)Z (/CO) me. lgl() _ (/CO) mopeMiey 1

[1megi (0) + &(0)]? [ﬂmsg + [ ng,IVM(r)dr]z

G(ro, A) =

We have

Furthermore, we rewrite G(rg, 1) as
(fo/co) AmeMigi (1)
A(A)B(L)
with A(1) = [m(AeM; + €)g1 (1) + AeMig1(4) + g2(4)] and B(A) = [um(eM; + e)g1(4) + g2(4)]. It follows that

G(rg, 1) =

0,G(1,0) = (1/ zo)%;i)gm — (15 AmeMis: © E’Q;)()(?BB((OO)); AOBO)] , (A28)
and
A'(A) = [umeMy + eM1] g1 (2) + [um(AeM; + €) + ieM1] g, (2) + g5(A),
B'(2) = pmeMigi(2) + pm(ZeMy + €)g (2) + g(4).
We recall that

a() = (iEl + (un+ @) La — Ky — AynEaMy — / #ép(0)10,7)dr
JO

- ’1/0 /0 $np (@) 0D b (o) EM, do de

1(0,0)
-1
—A/ / / dynp(t )ll(((()) T% II:ZEZ;EZI(O,g)dg do dr) Aper.
o) = Hﬂhi/o |:¢Fh(‘[)E1M1 +/ ¢11:h((3Ell(0,r)] a(A)de

+e_/0 e[ao,rwglu)ﬂm(/o ¢>§E8:;))Ez (r(a)E1M1 + ’ izgmo,g)dg)glu) da] ar,
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and therefore

o0 T l X
gi(i):(thleJr/ / ¢Vh,0(7)l((§ T;Eth(r)ElMl do dr

l(Or) Fh(a)
/ //dwh ()l(o ) o) E> (0, g)dgdadr—E1>

X (/151 + (n+ @) Ia — Kn — AynE2My —/ ép (D0, 7)dr
0

o[ 1(0,7)
_/1/ / ¢Vhp(f)mEth(r)E1M1 do dr

10,7) Fh(tf) -
_A/ //¢Vhﬂ( )l(O ) ()Ezl(O,g)dgdadr) Ape

( hEa My +/ / dynp (T )l((O ))Ezrh(r)ElMl do dr

10, T) I'y(o)
/ //4% ()l(0 o Fh(g)Ezl(O,g)dgdadr—El)

X (/“51 + (un + @) La — Ky — AmynE2 My — / ¢p ()10, 7) dr
0
-4 /Oo /T ¢Vhﬂ(r)ll(olEth(r)E1M1 do dr
0,0)

l -1
—A/ //mh ()00 F’”(“)Ezl(o,c)dgdadr) @ (i),

10,0) 2Th(s)
and
&) = 0p, / [¢rh(r)E1M1+ / i )Elzm,r)]glu)df
+ 0 / [¢rh(r>E1M1+ / br E11<o )]glu)dwe / €00, 1)g1 () dr
5(0,‘[) h(o’)
o [Teln [Coroon (r(a)Elle/o PO B10.6)ds ) 1) do
T L, or o
+ hl./O ¢5E0,¢3E2 (1“(0’)1'511\/114—'/0 FZZ;EJ(O,g)dg)gI(A)da] dr.
Hence
o0 T l R
g1(0) = (thzM1+/ / ¢yhp(r)18 T))Ezrh(r)ElM1 do dr
10,7) , Thlo)
/ // DYhp ()l(O ) rh(g)Ezl(O,g)dgdadr—El)
-1
X((ﬂh+¢)1d—Kh—/0 ¢>p(r)l(0,r)dr) 21(0)
=ng2€1,
and

h()

£(0) =9ﬁh/ [¢Fh(T)E1M1 +/ ¢

£(0,7) 7 Th(o)
""9/0 E[Vh/o 456(0’0)]52 (F(U)E1M1+/0 e )E1l(0 g)dg)gl(o)da

= 52M361,

E 1(0, r)j| g1(0)dz +0/ et(0,7)¢g1(0) dr
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with
o0 T l 5
M, = (VhEle +/ / ¢Vhﬂ(f)18 ;; ExT'p(r)E1M,; do do
1(0, T) l“h(lf)
[ [ eneorg s im0 6 dadr—El)
r00 -1
X ((,uh +¢)la—Ky —/ op ()10, 7) dr) ,
0
and
M = 0B, / |:¢l"h(r)E1M1 + / ¢rh§ ; Ell(O,r)] dr + /0 082 (1) de
t’ ) o
‘9/0 e[?h/o ¢€((:)) ;;Ez (F(G)ElMl +/0 ?:EZ;Ell(O,g)dg) do
We then deduce that

A'(0) = S) [umeMy + eMy + pmeMs + Ms]er,
B'(0) = S) [umeMi + pmeMs + Ms] e1
Consequently, (A28) gives
(1/G0)AnSheMiMaer — (1/2) A (S9)* eMier [2pmeMi + eMi + 2umeMs + 2Ms] ey
[/‘msg +Jo° 081 (@) d’]z [/‘msg +Jo° 081w (@) d’]s

Therefore, by introducing the following bifurcation parameter:

C ( da )—1
bif = \ 5=
l d70 / iy=1,1=0)

_ (1/co)Am (82)2 eMey [2umeMy + eMy + 2 meMs + 2M3] e; (l/Eo)AmsgeMleel

8,G(1,0) =

3 - 2’
[/‘msg + o Hsg,IVM(T) df] [/‘msg + o Hsg,IVM(T) df]

it comes that a backward bifurcation occurs at 7y = 1if and only if Gyis < 0, and a forward bifurcation occurs at 7p = 1
if and only if Cpi¢ > 0.
However, without the effect of IVM, i.e. when ¢ = 0, it comes

eMe
= 0%Bpfm MZS; .

In such a configuration, it is important to observe that the bifurcation parameter 7y corresponds to the expression of
R without considering the impact of IVM, as given in (16).
Furthermore, without the effect of IVM, the bifurcation parameter Cpif rewrites

(1/co) AmeMye (1/co) AmeM Mye
e (S 2ameM + eMy + 2pmeMa] €1 + ) —
[1mS}] [1mS}]

_ Attt (1 (U 2p)a 4 2 A (1~ a))

Cpif =

Hiy Ap m NG (e +vw) (i + 74+ )

wherein
YhVh

(uen + v + yn + )

a=
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